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Abstract. We suggest a generalization of the notion of invariance of a given partial differential
equation with respect to a Lie—Bécklund vector field. Such a generalization proves to be effective
and enables us to construct principally new ansatz reducing evolution-type equations to several
ordinary differential equations. In the framework of the said generalization, we obtain principally
new reductions of a number of nonlinear heat conductivity equations &, = u,, + F(u, &) with
poor Lie symmetry and obtain their exact solutions. It is shown that these solutions cannoct be
constructed by means of the symmetry reduction procedure.

1. Introduction

Construction of exact solutions of nonlinear partial differential equations (PDEs) is one of the
most important problems of modern mathematical physics. The most effective and universal
method used is the symmetry reduction procedure pioneered by Sophus Lie. But there is
a natural restriction on the application of the said procedure: the equations being studied
should have non-trivial Lie symmetry. There exist very important equations (in particular,
those describing heat conductivity and some nonlinear processes in biology) with very poor
Lie symmetry. So, it would be desirable to modify the symmetry reduction procedure in
such a way that it could be applied to these equations as well. Fortunately, the main idea
of the symmetry reduction procedure—the reduction of the equation being studied to PDEs
having less independent variables by means of specially chosen ansatz—can be applied
to some of these if one utilizes their conditional symmetry (see [5,7]). The method of
conditional symmetries of PDEs is closely connected with the ‘non-classical reduction’ [1]
and ‘direct reduction’ [2] methods (see also [12, 13]).

Further possibilities of constructing exact solutions of PDEs exist by the use of their Lie—
Bicklund (higher, generalized) symmetry {11]. In this way multi-soliton solutions of the
KdV, mKdV, sine-Gordon and cubic Schridinger equations can be obtained [3]. The choice of
physically significant examples of equations admitting non-trivial Lie-Bécklund symmetry is
very restricted, however, there are examples due to Galaktionov et al [10, 16] and Fushchych
et al [4,6] of ansatz reducing PDEs admitting only trivial Lie-Bécklund symmetry to
systems of ordinary differential equations (ODEs), These facts can be understood within
the framework of the conditional Lie-Bicklund symmetry which is introduced below.
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It will be established that conditional invariance of the equation under study ensures its
reducibility and this can be applied to construct its exact solutions. Since the class of
PDEs conditionally invariant with respect to some Lie—Bicklund field is substantially wider
than the class of PDEs admitting Lie-Backlund symmetry in the classical sense, the said
result yields principally new possibilities for the reduction of PDEs with poor Lie and Lie—
Bicklund symmetry. We will give several examples of reduction of PDEs to systems of
ODEs by means of the ansatz corresponding to their conditional Lie-Bécklund symmetry
and we will show that the exact solutions obtained in this way cannot be constructed by
means of the clasgsical symmetry reduction procedure.
Let

uy=F(t, x u,uy, 2, ..., U) {1
where u € C"(R?, CY), u; = 8*u/dx*, 1 <k < n, be some evolution-type equation and

Q = 18y + (DxmBy, + D:1)8y, + D5}, + -+ @
with

n=n(t, x, Ut U1, Uy Bris e n.) 3)

some smooth Lie-Backlund vector field (LBVF).
In the above formulae we denote the total differentiation operators with regpect to the
variables ¢ and x by the symbols D; and D, respectively:

D: = 3, + u,au + unau; -4 le&“[ + .-
D, = 8, 4+ 0410, + 1 0ty + UoBuy +---.
If the function 7 is of the form
n = i{t, x, u) — Eo(t, x, whu, — E1(2, x, w)uex “)

then the LBVF (2) is equivalent to the usual Lie vector field and can be represented in an
equivalent form as

Q =&olt,x, w)d + 51, X, w8y + {2, x, u),.
Definition 1. We say that equation (1) is invariant under the LBVF (2} if the condition
QG — FYly =0 &)
holds.
In (5) M is a set of all differential consequences of the equation #, — F = 0.

Definition 2. We say that equation (1) is conditionally invariant under LBVF (2) if the
following condition

O, — F)lyne, =0 ©)

holds.
Here, the symbol L, denotes the set of all differential consequences of the equation
n = 0 with respect to the variable x.

Evidently, condition (5) is nothing but the uswal invariance criterion for equation (1)
under LBVF (2) written in a canonical form (see, e.g. [11]). Most *soliton equations’ like
the KdV, mKdv, cubic Schrédinger and sine~Gordon equations admit infinitely many LBVFs
which can be obtained from some initial LBVF by applying the recursion operator.
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Another important remark is that on the set of solutions of equation (1) we can exclude
all derivatives with respect to ¢ and thus obtain the vector field (2) with 5 of the form

ne=nQ, X, 1, U, U, ..., UN). N

In the following we will consider LBVFs of the form (2} and (7) only.

Clearly, if equation (1) is invariant under LBVF {2), then it is conditionally invariant
under the said field; however, the inverse assertion is not true. This means, in particular,
that definition 2 is a generalization of the standard definition of invariance of PDEs with
respect to LBVF. Providing that (2) is a Lie vector field, definition 2 coincides with the
definition of Q-conditional invariance under the Lie vector field.

One of the important consequences of Q-conditional invariance of a given PDE under
the Lie vector field is the possibility of obtaining an ansatz which reduces this PDE to a
single PDE with less independent variables {see, e.g. [7]). We will show that conditional
invariance of the evolution-type equation (1) ensures its reducibility to ¥ ODEs (N is the
order of the highest derivative contained in » from (7)).

2. Reduction theorem

Consider the nonlinear FDE
n(t, x, w01, ...,uy) =0 ®

as the Nth-order ODE with respect to variable x. Tis general integral is written (at least
locally) in the form

w=f{x o), 020, ..., on () ©)

where @;(t), j =1, N are arbitrary smooth functions. We will call expression (9) an ansatz
invariant under LBVF (2) and (7).

Theorem 1. Let equation (1) be conditionally invariant under the LBVF (2) and (7). Then
ansatz (9) invariant under LBVF (2) and (7) reduces PDE (1) to a system of N ODEs for
functions ¢;(t), f =1, N.

Proof. We first prove that given the conditions of the theorem the system of PDEs

e = F (8, %, 4,1, ) (10)
W(f,x,u,ul,...,uN) =0

is compatible.

Differentiating the first equation of (10} N times with respect to x, differentiating the
second equation once with respect to r and comparing the derivatives uy, and u,y we obtain
the equality

DY F = —(0uy) ™ (0 + Mutte + Ny 15 + -+~ + Ty 49-10)
or

DYF = —(muyY (0 + 0uF + 17D F + -+ + 1, DY LF).
Consequently, providing that the condition

(5 + 1uF + 1y Dx F 4 -+ + 10, DY Flagn = 0 an

holds identically, where L is the set of all differential consequences of the equation r = 0,
then the system of PDEs (10) is in involution and its general solution contains N arbitrary
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complex constants Cy, Cz, ..., Cy [15]. We will now prove that relation (11) follows from
(6).

By considering (2), equality (6) can be rewritten in the form

Din —nFy — Oum)Fy, — o> =~ (D5 Py, lune, =0

or
Denlune, = 0.

Since Dy = 1y + myite + Ny 81 + - - -+ Nuyten,, the above equation reads
N + Nulks + Nyt + -« + Ruglinelnz, =0

whence
Bt + M F + 7y DxF + -+ 0, DY Flagra, = 0. (12)

Since the manifold M N L is contained in the manifold M N L., relation (11) follows from
relation (12).
Next, we consider the determinant

af ar af
) by agy
af 8 f 82f
A=] Bpidx dgadx o dpndx | (13)
o¥ f ovr 3%
3019x¥—1  Bgpdx¥-1  Jgyoxi-

The determinant A is the Wronsky determinant for functions y; = 8f/d¢;, j = I, N. We
will prove in the case considered that A 3 0.

Let A = 0, then due to the properties of the Wronsky determinant the functions y; are
linearly dependent. Consequently, there exist A; = A4;(2), j = 1, N such that

N
> A0y =0.

Substituting y; = 8f/d¢; into the above equality we obtain

A (t)=—— = 0. 14
J_;j i3, (14)

Integrating the first-order PDE (14) we have
f=Ff@xm,0,..., 051)

where @; = Ayg; — Ajoy, j = 1, N — 1. Consequently, in the case A = 0 the general
solution of ODE (8) depends not on N but on N — I arbitrary constants ws(t), j=1,N —1.
We amrive at a contradiction, due to the assumption that A = 0. Hence, we conclude that
A #0.

Substituting (9) into (1) we obtain

N 2 ]
Z¢,£=—ﬁ+ﬁ(:,x,ﬂi ek ﬂ)
J=t awl

ax’ 8x2’ dxn
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or
Y, oF
Z:ggj-a—— = G(t, x, ¢1(t), ¢2(t), ..., on(2)) (15)

where an overdot means differentiation with respect ta 2.
Differentiation of (15) N — 1 times with respect to the variable x yields

N Ret-1 k
s d &G
fi— = — k=T,N -1 16

= T 3g;axk  Bxk {19)
If we consider equations (15} and (16) as a system of linear inhomogeneous algebraic
equations for functions ¢, ¢o,...,@y, then its determinant has the form (13) and,
consequently, is not equal to zero. Solving (15) and (16) with respect to the functions
¢;, J =1, N we obtain

¢j=Hi(5,Is§01,§92,---;¢N) J=1=N (17)

Let us expand the right-hand sides of (17) into a Taylor series with respect to the variable
x in the neighbourhood of xg and then equate coefficients at (x — xg)¥:

¢ = Hit, %0, 01, 2 0)  j=1N (18)
o H p— :
0=——2@ %0 1,02 ow)  J=TN k21 (19)

Thus, we have established that the system of PDEs (10) is equivalent to the infinite set of
equations (18) and (19). ’

Next, we will prove that the right-hand sides of equations (19} vanish identically on the
solutions of the system of ODEs (18).

Letg; = @;(¢, C1, C2,...,Cx). j = 1, N where C; are arbitrary complex constants, be
a general solution of the system of ODEs (18). If at Jeast one of the equations is not satisfied
identically on the solutions of equations (18), then substituting into it the expressions for g;
we obtain a relation of the form A(Cy, Ca, ..., Cx) = 0. Hence, it foflows that the general
solution of the system of PDEs (10) contains no more than N — 1 independent constants.
We arrive at a contradiction, which proves that the right-hand sides of equations (19) vanish
identically on the solutions of system of ODEs (18). Consequently, system (18) and (19) is
equivalent to the system of N ODEs

gbf=I_If(rsx01fp19¢2a-":¢h')=H~:i(t=x:qolsqﬁ2a_'--ipr) j=LN. (20)

Thus, given the copditions of the theorem, ansatz (9), which is invariant under LBVF (2)
and (7), reduces equation (1) to the system of & ODEs (20) and the theorem is proved. C

Conseguence. Let equation (1) be invariant vnder the LBVF (2) and (7). Then, ansatz
{9) which is invariant under LBVF (2) and (7) reduces PDE (1) to a system of N ODEs for
functions ¢;(2), j =1, N.

The proof follows from the fact that if an equation is invariant under LBVF, then it is
conditionally invariant with respect to this LBVF. '
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3. Some examples

Utilizing the above theorem, one can construct principally new exact solutions even for
equations with poor Lie symmetry. As an illustration, we give several examples.

Example 1. Consider the nonlinear heat conductivity equation with a logarithmic-type
noniinearity

Uy = ltzz + (@ + Blnu — Y (Inu)Hu. 2D
We will establish that equation (21) is conditionally invariant with respect to LBVE (2) with
N =Ugx — Villy — 0" V2. (22)

Condition (6} for equation (21) reads
Dy —DZn — (@ + B+ (8 — 2y Inu — Y’ 1n* w)nlanc, =0 (23)

where M is the set of all differential consequences of equation (21) and L, is the set of
all differential consequences of the equation u,, — yu, — u™'u% = 0 with respect to x.
Substituting expression (22) into the left-hand side of equation (23) and transferring to the
manifold M (i.e. excluding the derivatives u,, u,, #;x; with the help of equation (21)) we
transform it to the form

2 gy — vty — a7 B dyu (g — Y — " ).

Evidently, the above expression does not vanish on the manifold M, but on the manifold
M N L, it vanishes identically:

2t (Uzx — YUz — u—lui)Z + 4)’u_1 Uy (Uyy — YUz — unlui)lMﬁL,‘ =0.

Hence, it follows that the nonlinear heat conductivity equation (21) is conditionally
invariant under LBVF (2) with n of the form (22), but not invariant under the said LBVF
in the sense of definition 1. This fact is also shown in (11}, where the resuits of the
classification of nonlinear heat conductivity equations u; = ty, -+ F (¢} admitting LBVF are
given. It has been established, in particular, that only the linear heat equation admits an
LBVF which cannot be represented in the form (2), (4) and, consequently, is not equivalent
to a Lie vector field.

Integrating the equation 17 = uxy — YUy — u'1u§ = { as an ODE with respect to x we
obtain an ansatz for u{t, x):

u(t, x) = exp(e1(t) + 2(f) exp(yx). (24)
Substitution of ansatz (24) into equation (21) gives rise to a system of two ODEs:
h=a+Bo -yl =B +r -2 oo
The general solution of the above system is given by one of the following formulae.
@) k=p%+4ayt>0
1243 * 1 K2
= 2 — — 2 -
u=0_C (cos —2—) explyx + vty + 27 (ﬁ k'* tan > )

(ii) k = B% +4ay® <0
(=k)'/e

(_k)uzt
=)

2
1
u=0C (COSh ) exp(yx + }J?'t) R EE (ﬁ + (_k)[/2 tanh
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(i) k = g2 +4ay’> =0

u=CtZexp(yx + %) +

i
t+2).
23lzt(ﬁ+)

Here, C is an arbitrary constant. .
It is important to emphasize that the above solutions cannot be obtained by the symmetry
reduction procedure. The maximal local invariance group of eguation (21) is the two-
parameter group of translations {14]
'=t+6 X =x+6 W=u
and solutions (i) and (ii) are obviously not invariant under the above group.
Example 2, Consider the nonlinear heat conductivity equation
up = gy + F(u). 7 (25)
We will establish that it is conditionally invariant with respect to LBVF (2} with n =
Upp — A(u)u?c, providing that functions F(u) and A(u) satisfy the system of ODEs
A+4AA+24%=0 F_AF—AF=0. - (26)
Equality (6) for equation (25) takes the form
Din —D2n — Fnlynz, =0
where M is the set of all differential consequences of the equation wu; = u;, -+ F (1), and
L, is the set of all differential consequences of the equation ux, — A(u)u2 = 0 with respect
to x.
Excluding the derivatives u;, 4.y, iy, from the left-hand side of the above equality,
and grouping terms in the obtained expression in a proper way, we have
2477 L HA 4+ AN + (A +4AA + 243U} + (F — AF — AFYu2|yor, =0
or taking equations (26} into considerations
247% + 4(A + A%)nlynr, =0. 27)
Evidently, the left-hand side of equation (27) does not vanish on the manifold M but it
does vanish on the manifold M N L,. Consequently, the nonlinear heat equation (25) is
conditionally invariant with respect to LBVF (2) with n = #y, --‘A(u)ui if and omly if
equations (26) hold. Thus, the conditions of theorem 1 are satisfied and we can reduce
equation (25) to two ODEs with the help of ansatz (9) invariant under the above mentioned
LBVF.
Let the function &(u) be determined by the equality
8¢u)
f (Inz)~?de =au + 8
0 ) .
where a, B are arbitrary real constants. Then the ansatz

1e,x)

dz
1) = x1 (1) + @2(t)
0

reduce the nonlinear equation (25) with
( dr

F{u)= (}\.1 -i—)ugf 5—(7—) &(u) ’ (28}
0
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to the system of ODEs

; @ 5 : & , T
¢ = (?% -H»z) o1 9= ("{‘Pl + lz) P2+ 601 + A
Here A;, A; are arbitrary real constants and §(0) is a value of the first derivative of the
function 4(«) in the point x = 0.

The above system of ODEs is integrated in quadratures, thus giving rise to a family of
exact solutions of the nonlinear PDE (25) with rather exotic nonlinearity (28). The solutions
obtained are also non-invariant with respect to the two-parameter group of transiations with
respect to £ and x, which is the maximal local invariance group of equation (25) and (28).

Exampie 3. Here, we will perform the reduction of a nonlinear PDE of the form (21);
#; = ttzr + a(ln® u)u aeck 29)

to systems of three ODEs.
By a rather cumbersome computation one can check that equation (29) is conditionally
invariant with respect to LBVF (2) with

n= Wotyrr — SUltxliny + 2u,3, + au u’. 30

Integrating the third-order ODE n = 0 we obtain the following ansatz for the function
u(t, x).
(i) Undera=co? > 0

u(t, x) = exple (t) + p2(t) cosax + ¢3(t) sinax} 31
(ii) under ¢ = —ar® < 0
u(t, x) = exp{g1(2) + p2(2) coshwx + @a(¢) sinhcrx} (32)

where @1, ¢, @5 are arbitrary smaoth functions.
Substitution of expressions (31) and (32) into PDE (29) gives r1ise to the following
systems of nonlinear ODEs for the functions ¢, ¢, @s.
@ Undera=a?>0
& = o*(¢f + ¢} + ¢3)
¢ =’ 2¢1 — D
é3 = (201 — D3
(ii) under 2 = —o? < 0
o1 = (g3 — 05 — o)
G = (1 = 2¢1)2
3 = a”(1 — 201)¢s.
Making the change of the dependent variable # = expv, we rewrite equation (29} in
the form
Up = Uyp + U2 + av? (33)
and what is more, the ansatz (31) and (32) take the following form.
(i) Underg=a?>0
v(t, x) = @1(2) + @2(f) cosax + @3 () sinax (34)
(i) under 2 = —o? < 0
u(t, X) = @1(2) + g (t) coshax + @y(2) sinh ex. (35)
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If we choose ¢35 = 0 in formulae (34} and (35), then the well known Galaktionov's
ansatz are obtained [10, 16]. These ansatz were used to study blow-up solutions of the
nonlinear PDE (33). It should be noted that all solutions of the nonlinear heat conductivity
equations obtained in [10] can be constructed within the framework of our approach.

Example 4. Let us describe all PDEs of the form
Uy = tyy + R(u, tty) (36)

which are conditionally invariant under LBVF (2) with # = u,; — au, a € RL.
Acting with the operator (2) on the equation (36) and transferring to the manifold ML,
- we obtain the determining equation for the function R:

azquu;u, + 2auny Ry + u:“;Ruu +auR, +au R, +aR=0.
The above PDE is rewritten in the form
(J*+a2)R=0
where J = 1.8, -+ aud, . This form is easily integrated and the general solution reads
R = fi(u — auPu, + folu? — audyu.
Here fi, f; are arbitrary smooth functions.
Thus, the most general PDE of the form (36) conditionally invariant with respect to LBVE
2y with n =z —auis
Uy =t + fi (2 — @Dtz + Fo(2 - auPu. 37
Solving the equation i = u,, — au = 0 we obtain the following ansatz for u(r, x).
() Undera = —a? <0
u(t, x) = @ (t) cosex + @2(2) sinax
(iDundera=0? >0
u(t,x) = ¢(t)coshax 4 @2(t) sichax. .
These reduce PDE (37) to systems of two ODEs for functions @;(2), @2(f):
¢ =—p+afffo+ o p=—dtom-affo+ e
=g +effo+ o a=detaffo+ e
where f7 = File® (@2 £ oP).

4, Conclusion

In papers [8,9] we constructed a number of ansatz of type (9) which reduce the nonlinear
heat equation u, = [a(u)u,l; + f(u) to several obBs. The basic technique used was the
anti-reduction method. This paper provides a symmetry interpretation of these results. It
is important to emphasize that there exist non-evolution equations which also admit anti-
reduction. In particular, in [4, 6, 17] an anti-reduction of the nonlinear acoustics equation, of
the equation for short waves in gas dynamics and of the nonlinear wave equation is carried
out. It would be of interest to extend theorem 1 in order to consider these equations.
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